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Èçëàãàåòñÿ îáùàÿ ìåòîäîëîãèÿ ïîñòðîåíèÿ âàðèàöèîííûõ ïðèíöèïîâ íà îñíî-
âå ôóíêöèîíàëà ñâåðòêè (êîíâîëþöèè) è äðóãèõ áèëèíåéíûõ ñèììåòðè÷íûõ ôîðì.
Ïðåäëàãàþòñÿ íîâûå âàðèàöèîííûå ïðèíöèïû äëÿ óïðóãèõ, òåðìîóïðóãèõ è âÿçêî-
óïðóãèõ ñðåä. Ðàññìàòðèâàþòñÿ ïîñòàíîâêè êàê â ëèíåéíîì ïðèáëèæåíèè, òàê è â
êîíå÷íûõ äåôîðìàöèÿõ.

Ââåäåíèå

Áîëüøàÿ ÷àñòü âàðèàöèîííûõ ïðèíöèïîâ, ñîîòâåòñòâóþùèõ êðàåâûì çàäà÷àì
ìåõàíèêè ñïëîøíûõ ñðåä, ìîãóò áûòü ñôîðìóëèðîâàíû â ðàìêàõ ñëåäóþùèõ ðàñ-
ñóæäåíèé. Èçâåñòíî, ÷òî ñ ëèíåéíûì îïåðàòîðîì A, êîòîðûé îïðåäåëåí íà ãèëüáåð-
òîâîì ïðîñòðàíñòâå H(Ω) ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(u, v) =

∫
Ω

u v dµ (u, v ∈ H(Ω)) , (1)

ñâÿçàí êâàäðàòè÷íûé ôóíêöèîíàë

I[ϑ] =
1

2
(ϑ,A[ϑ]) (ϑ ∈ H(Ω)) , (2)

ïðè÷åì, åñëè îïåðàòîð A ÿâëÿåòñÿ ñàìîñîïðÿæåííûì

(Au, v) = (u,Av),

ýòîò ôóíêöèîíàë äîñòèãàåò ñâîèõ ýêñòðåìàëüíûõ çíà÷åíèé íà ôóíêöèÿõ, ïðèíàäëå-
æàùèõ ÿäðó îïåðàòîðà A:

A[ϑ] = 0, (3)

è òîëüêî íà íèõ [1]. Òàêèì îáðàçîì, çàäà÷à (3) ýêâèâàëåíòíà âàðèàöèîííîìó ïðèí-
öèïó

δI[ϑ] = 0.

Óòâåðæäåíèå îñòàåòñÿ âåðíûì, åñëè îïåðàòîð A îïðåäåëåí â H(Ω), íî åãî îáëàñòü
îïðåäåëåíèÿ DA ïëîòíà â ïðîñòðàíñòâå H(Ω) [1].
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Àíàëîãè÷íûì îáðàçîì ôîðìóëèðóþòñÿ âàðèàöèîííûå ïðèíöèïû äëÿ íåëèíåé-
íûõ îïåðàòîðîâ, êîòîðûå â ëèíåéíîì ïðèáëèæåíèè îêàçûâàþòñÿ ñàìîñîïðÿæåííû-
ìè. Ñîãëàñíî òåîðåìå Âàéíáåðãà [2] ôóíêöèîíàë, äîñòèãàþùèé ýêñòðåìàëüíûõ çíà-
÷åíèé íà ðåøåíèÿõ íåëèíåéíîé çàäà÷è

A[ϑ] = 0 (4)

èìååò âèä

I[ϑ] =

ϑ, 1∫
0

A[λϑ] dλ

 . (5)

Çäåñü A � íåëèíåéíûé äèôôåðåíöèðóåìûé îïåðàòîð, òàêîé, ÷òî åãî ïðîèçâîäíàÿ
Ãàòî

A′[x, h] = lim
ε→0

A(x+ εh)− A(x)

ε
ÿâëÿåòñÿ ñàìîñîïðÿæåííûì îïåðàòîðîì

(A′[x, u], v) = (u,A′[x, v]).

ñ ïëîòíîé â H(Ω) îáëàñòüþ îïðåäåëåíèÿ. Òàêèå îïåðàòîðû íàçûâàþòñÿ ïîòåíöèàëü-
íûìè [2].

Çàìå÷àíèå 1. Åñëè â çàäà÷å (4) ÿâíî âûäåëåíû íåîäíîðîäíûå ÷ëåíû è îíà ôîð-
ìóëèðóåòñÿ â âèäå

A[ϑ] = f, ϑ ∈ DA,

òî ôóíêöèîíàë (5) ìîæåò áûòü çàïèñàí ñëåäóþùèì îáðàçîì [2]:

I(ϑ) =

ϑ− ϑ0,

1∫
0

A [ϑ0 + λ(ϑ− ϑ0)] dλ

− (ϑ, f) , ϑ0 ∈ DA.

Äàííàÿ ìåòîäîëîãèÿ, îñíîâàííàÿ íà èñïîëüçîâàíèè êëàññè÷åñêîãî (åâêëèäîâà)
ñêàëÿðíîãî ïðîèçâåäåíèÿ, èìååò ñëåäóþùèå îãðàíè÷åíèÿ.

Âî�ïåðâûõ, âàðèàöèîííàÿ ôîðìóëèðîâêà äëÿ íà÷àëüíûõ è íà÷àëüíî�êðàå-
âûõ çàäà÷ íå ìîæåò áûòü ïîëó÷åíà, ïîñêîëüêó íà÷àëüíûå óñëîâèÿ ôîðìóëèðóþòñÿ
íà îäíîì êîíöå ðàññìàòðèâàåìîãî èíòåðâàëà âðåìåíè, à ïðè èñïîëüçîâàíèè ôóíê-
öèîíàëà, ïîñòðîåííîãî íà îñíîâå ñêàëÿðíîãî ïðîèçâåäåíèÿ (1), ïîäðàçóìåâàåòñÿ,
÷òî çàäàíû óñëîâèÿ â íà÷àëüíîé è êîíå÷íîé òî÷êàõ (êàê, íàïðèìåð, â ïðèíöèïå
Îñòðîãðàäñêîãî�Ãàìèëüòîíà). Ýòî ïðèâîäèò ê èçâåñòíûì íåîïðåäåëåííîñòÿì è çà-
òðóäíåíèÿì â äèíàìè÷åñêèõ çàäà÷àõ ìåõàíèêè ñïëîøíûõ ñðåä [3].

Âî�âòîðûõ, îïåðàòîðû, âîçíèêàþùèå â çàäà÷àõ ìåõàíèêè ñïëîøíûõ ñðåä, ÷àñòî
îêàçûâàþòñÿ íåïîòåíöèàëüíûìè (ò.å. íåñàìîñîïðÿæåííûìè â ëèíåéíîì ïðèáëèæå-
íèè ïî îòíîøåíèþ ê ñêàëÿðíîìó ïðîèçâåäåíèþ ñîîòâåòñòâóþùåãî ãèëüáåðòîâà ïðî-
ñòðàíñòâà). Òàêîâûìè, íàïðèìåð, ÿâëÿþòñÿ îïåðàòîðû, ïîðîæäàåìûå óðàâíåíèÿìè
ñâÿçàííîé òåðìîóïðóãîñòè, âÿçêîóïðóãîñòè, ïîëçó÷åñòè. Êàê ïðàâèëî, äëÿ ïîäîá-
íûõ çàäà÷ ïðåäëàãàëèñü íå âàðèàöèîííûå ïðèíöèïû, à âàðèàöèîííûå óðàâíåíèÿ
(íàïðèìåð, âàðèàöèîííîå óðàâíåíèå Áèî äëÿ òåðìîóïðóãèõ ñðåä [4]).

Åñëè íàðÿäó ñ åâêëèäîâûì ñêàëÿðíûì ïðîèçâåäåíèåì (1) èñïîëüçîâàòü ôóíêöè-
îíàë ñâåðòêè (êîíâîëþöèþ) [5]

〈ϑ, ω〉 =

t∫
0

ϑ(t− τ)ω(τ) dτ, (6)
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òî îáëàñòü ïðèìåíåíèÿ èçëîæåííîãî âûøå âàðèàöèîííîãî ôîðìàëèçìà ìîæåò áûòü
ðàñøèðåíà [6, 7, 8].

Èçâåñòíî, ÷òî ñâåðòêà îáëàäàåò ñâîéñòâàìè êîììóòàòèâíîñòè, àññîöèàòèâíîñòè
è äèñòðèáóòèâíîñòè

〈ϑ, ω〉 = 〈ω, ϑ〉, (7)

〈ϑ, 〈ω, ϕ〉〉 = 〈〈ϑ, ω〉 , ϕ〉, (8)

〈ϑ, (ω + ϕ)〉 = 〈ϑ, ω〉+ 〈ϑ, ϕ〉. (9)

Ñîîòíîøåíèÿ (7)�(9) ïðîâåðÿþòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì ñîîòâåòñòâóþ-
ùèõ èíòåãðàëîâ. Â ñèëó òåîðåìû Òèò÷ìàðøà [5] èìååò ìåñòî èìïëèêàöèÿ

ϑ 6≡ 0 ∧ ω 6≡ 0 ⇒ 〈ϑ, ω〉 6≡ 0,

à òàê íàçûâàåìîå ñâîéñòâî îòäåëèìîñòè [5]

∀ϑ 〈ϑ, ω〉 = 0 ⇒ ω ≡ 0 (10)

ïðåäñòàâëÿåò ñîáîé àíàëîã îñíîâíîé ëåììû êëàññè÷åñêîãî îïåðàöèîííîãî èñ÷èñëå-
íèÿ. Âàðèàöèîííûå ïðèíöèïû, ïîñòðîåííûå íà îñíîâå ôóíêöèîíàëà ñâåðòêè íàçû-
âàþòñÿ êîíâîëþòèâíûìè [6].

Âïåðâûå ñâåðòêà áûëà èñïîëüçîâàíà äëÿ ôîðìóëèðîâêè âàðèàöèîííîãî ïðèí-
öèïà, ïîðîæäàåìîãî íà÷àëüíî�êðàåâîé çàäà÷åé, Ì. Ãåðòèíûì â 1964 ã. [6]. Â ðà-
áîòå [9] Ì. Ãåðòèí ïðåäëîæèë êîíâîëþòèâíûé âàðèàöèîííûé ïðèíöèï, ïîðîæäà-
åìûé íà÷àëüíî�êðàåâîé çàäà÷åé äèíàìè÷åñêîé òåîðèè óïðóãîñòè (íàïîìíèì, ÷òî
õîðîøî èçâåñòíûé âàðèàöèîííûé ïðèíöèï Îñòðîãðàäñêîãî�Ãàìèëüòîíà îïðåäåëÿåò
íå íà÷àëüíî�êðàåâóþ, à êðàåâóþ çàäà÷ó, ÷òî, â ÷àñòíîñòè, ïðèâîäèò ê íåîáõîäèìî-
ñòè óêàçûâàòü çíà÷åíèÿ âàðüèðóåìûõ ôóíêöèé â íà÷àëüíûé è êîíå÷íûé ìîìåíòû
âðåìåíè). Ïîçæå, â ðàçâèòèå ïðèíöèïà Ãåðòèíà, áûëè ïðåäëîæåíû êîíâîëþòèâíûå
ïðèíöèïû äëÿ òåðìîóïðóãîñòè [10], ïüåçîóïðóãîñòè [11] è ðÿäà äðóãèõ çàäà÷ êîíòè-
íóàëüíîé ìåõàíèêè [12].

Èäåÿ, âûñêàçàííàÿ Ì. Ãåðòèíûì, áûëà ðàçâèòà Ý. Òîíòè (1969 ã.). Â ðàáîòå [7]
Òîíòè ïîêàçàë, ÷òî â ôóíêöèîíàëàõ (2) èëè (5) ìîæåò áûòü èñïîëüçîâàíà ëþáàÿ
áèëèíåéíàÿ ôîðìà1

B(ϑ, ω), (11)

åñëè îíà óäîâëåòâîðÿåò óñëîâèÿì ñèììåòðè÷íîñòè

B(ϑ, ω) = B(ω, ϑ)

è îòäåëèìîñòè
∀ϑ B(ϑ, ω) = 0 ⇒ ω ≡ 0.

Òàêèì îáðàçîì, åñëè ëèíåéíûé îïåðàòîð A (ñ ïëîòíîé â H(Ω) îáëàñòüþ îïðåäåëåíèÿ
DA) îêàçûâàåòñÿ ñàìîñîïðÿæåííûì îòíîñèòåëüíî áèëèíåéíîé ôîðìû (11), ò.å.

∀ϑ, ω ∈ DA B(A[ϑ], ω) = B(ω,A[ϑ])

1Áèëèíåéíàÿ ôîðìà ìîæåò áûòü îïðåäåëåíà íå î âñåì ïðîñòðàíñòâå H(Ω), à ëèøü â íåêîòî-
ðîé ïëîòíî âëîæåííîé â H(Ω) îáëàñòè, êîòîðàÿ ñîäåðæèò îáëàñòü îïðåäåëåíèÿ ðàññìàòðèâàåìîãî
îïåðàòîðà.
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òî ïîðîæäàåìûé ýòèì îïåðàòîðîì âàðèàöèîííûé ïðèíöèï ìîæåò áûòü ñôîðìóëè-
ðîâàí ñëåäóþùèì îáðàçîì

I[ϑ] =
1

2
B(A[ϑ], ϑ), δI[ϑ] = 0.

Ñîîòâåòñòâåííî, âàðèàöèîííûé ïðèíöèï äëÿ íåëèíåéíîãî îïåðàòîðà A, ïðîèçâîäíàÿ
êîòîðîãî ÿâëÿåòñÿ ñàìîñîïðÿæåííîé ïî îòíîøåíèþ ê áèëèíåéíîé ôîðìå (11), èìååò
âèä

I[ϑ] = B

ϑ, 1∫
0

A[λϑ] dλ

 .

Â íàñòîÿùåé ðàáîòå â ðàìêàõ åäèíîé ìåòîäîëîãèè ïîñòðîåíû íîâûå êîíâîëþòèâ-
íûå âàðèàöèîííûå ïðèíöèïû äëÿ óïðóãèõ, òåðìîóïðóãèõ è âÿçêîóïðóãèõ ñðåä.

1. Âàðèàöèîííûå ïðèíöèïû äëÿ ýëåìåíòàðíûõ îïåðàòîðîâ

Ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûì âíà÷àëå ïîäðîáíî ðàññìîòðåòü âàðèàöèîííûå
ïðèíöèïû, ïîðîæäàåìûå ýëåìåíòàðíûìè äèôôåðåíöèàëüíûìè è èíòåãðàëüíûìè
îïåðàòîðàìè, êîòîðûå ñëóæàò 'îáðàçóþùèìè ýëåìåíòàìè' áîëåå ñëîæíûõ îïåðàòî-
ðîâ ìåõàíèêè ñïëîøíûõ ñðåä.

Ïðèìåð 1. Ïóñòü îïåðàòîð A îïðåäåëåí äèôôåðåíöèàëüíîé îïåðàöèåé ïåðâîãî
ïîðÿäêà, à åãî îáëàñòü îïðåäåëåíèÿ DA îäíîðîäíûì íà÷àëüíûì óñëîâèåì:

A =
d

dt
, DA = {ϑ : ϑ(0) = 0}. (12)

Î÷åâèäíî, îïåðàòîð A íå ÿâëÿåòñÿ ñàìîñîïðÿæåííûì îòíîñèòåëüíî åâêëèäîâà ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ (1). Îäíàêî îòíîñèòåëüíî êîíâîëþòèâíîé áèëèíåéíîé ôîðìû
(6) îïåðàòîð A ñàìîñîïðÿæåí. Äåéñòâèòåëüíî, â ðåçóëüòàòå èíòåãðèðîâàíèÿ ïî ÷à-
ñòÿì, ó÷èòûâàÿ, ÷òî ôóíêöèè ϑ è ω â òî÷êå t = 0 îáðàùàþòñÿ â íîëü, ïðèõîäèì ê
ñîîòíîøåíèþ

〈Aϑ, ω〉 = −
t∫

0

dϑ(t− τ)

dτ
ω(τ) dτ = −ϑ(t− τ)ω(τ)

∣∣∣t
0

+

t∫
0

ϑ(t− τ)
dω(τ)

dτ
dτ = 〈ϑ,Aω〉 .

Òåïåðü, ñîãëàñíî îáùåé òåîðèè, ìîæåò áûòü ïîñòðîåí ôóíêöèîíàë, îïðåäåëÿþùèé
ñîîòâåòñòâóþùèé âàðèàöèîííûé ïðèíöèï

I[ϑ] =
1

2
〈ϑ,Aϑ〉 =

1

2

〈
ϑ,
dϑ

dt

〉
=

1

2

t∫
0

ϑ(t− τ)
dϑ(τ)

dτ
dτ ; δI[ϑ] = 0. (13)

Êîíå÷íî, îáîñíîâàíèå âàðèàöèîííîãî ïðèíöèïà (13) ìîæåò áûòü ïðîèçâåäåíî ïóòåì
íåïîñðåäñòâåííîãî âû÷èñëåíèÿ âàðèàöèè ôóíêöèîíàëà I ñ ïîìîùüþ ôîðìàëüíîé 'δ'
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ïðîöåäóðû:

δI[ϑ] =
1

2

t∫
0

{
δϑ(t− τ)

dϑ(τ)

dτ
+ ϑ(t− τ)δ

dϑ(τ)

dτ

}
dτ =

=
1

2
ϑ(t− τ)δϑ(τ)

∣∣∣t
0

+
1

2

t∫
0

{
δϑ(t− τ)

dϑ(τ)

dτ
− d

dτ
[ϑ(t− τ)] δϑ(τ)

}
dτ =

=
1

2
ϑ(t− τ)δϑ(τ)

∣∣∣t
0

+

t∫
0

δϑ(t− τ)
dϑ(τ)

dτ
dτ,

Â ñèëó ïðîèçâîëüíîñòè ôóíêöèè δϑ(t) ïðèõîäèì ê óñëîâèÿì ñòàöèîíàðíîñòè â ôîðìå
óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà è îäíîðîäíîãî íà÷àëüíîãî óñëîâèÿ:

dϑ(τ)

dτ
= 0, ϑ(0) = 0,

êîòîðûå ïîëíîñòüþ îïðåäåëÿþò èñõîäíûé îïåðàòîð (12).
Ïðèìåð 2. Ïóñòü òåïåðü îïåðàòîð A çàäàí â îáëàñòè DA, îïðåäåëÿåìîé íåîäíî-

ðîäíûìè íà÷àëüíûìè óñëîâèÿìè

A =
d

dt
, DA = {ϑ : ϑ(0) = ϑ0}. (14)

Â ñèëó íåîäíîðîäíîñòè îïåðàòîð A íåëèíååí, íî åãî ïðîèçâîäíàÿ Ãàòî ñîâïàäàåò ñ
ðàññìîòðåííûì âûøå îäíîðîäíûì îïåðàòîðîì A (12). Òàêèì îáðàçîì, âàðèàöèîí-
íûé ïðèíöèï ïîðîæäàåòñÿ ôóíêöèîíàëîì

I[ϑ] =
1

2

t∫
0

ϑ(t− τ)
dϑ(τ)

dτ
dτ − 1

2
ϑ0ϑ(t). (15)

Äëÿ åãî îáîñíîâàíèÿ âíîâü âîñïîëüçóåìñÿ ôîðìàëüíîé 'δ' ïðîöåäóðîé è âû÷èñëèì
âàðèàöèþ δI:

δI[ϑ] =
1

2
ϑ(t− τ)δϑ(τ)

∣∣∣t
0

+
1

2
ϑ0δϑ(t) +

t∫
0

δϑ(t− τ)
dϑ(τ)

dτ
dτ.

Òàê êàê ïðè t = 0 óñòàíàâëèâàåòñÿ íà÷àëüíîå óñëîâèå, è, ñëåäîâàòåëüíî, δϑ(0) = 0,
âíåèíòåãðàëüíûå ÷ëåíû ïðèíèìàþò âèä

1

2
δϑ(t) (ϑ0 − ϑ(0)) .

Â ñèëó ïðîèçâîëüíîñòè δϑ(t) ïðèõîäèì ê óñëîâèÿì ñòàöèîíàðíîñòè ôóíêöèîíàëà â
âèäå äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà è íåîäíîðîäíîãî íà÷àëüíîãî
óñëîâèÿ

dϑ(τ)

dτ
= 0, ϑ0 = ϑ(0),

êîòîðàå ïîëíîñòüþ îïðåäåëÿþò èñõîäíûé îïåðàòîð A (14).
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Ïðèìåð 3. Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð, ïîðîæäàåìûé äèôôåðåí-
öèàëüíûì âûðàæåíèåì âòîðîãî ïîðÿäêà è îäíîðîäíûìè íà÷àëüíûìè äàííûìè

A =
d2

dt2
, DA = {ϑ : ϑ(0) = 0 ∧ d

dt
ϑ(0) = 0}. (16)

Îïåðàòîð A ñàìîñîïðÿæåí îòíîñèòåëüíî êîíâîëþòèâíîé áèëèíåéíîé ôîðìû. Äåé-
ñòâèòåëüíî, âûïîëíÿÿ èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ó÷èòûâàÿ îäíîðîäíûå íà÷àëüíûå
óñëîâèÿ, ïðèõîäèì ê ñîîòíîøåíèþ

〈Aϑ, ω〉 =

t∫
0

d2ϑ(t− τ)

dτ2
ω(τ) dτ =

=

[
dϑ(t− τ)

dτ
ω(τ)− ϑ(t− τ)

dω(τ)

dτ

] ∣∣∣∣∣
t

0

+

t∫
0

ϑ(t− τ)
d2ω(τ)

dτ2
dτ = 〈ϑ,Aω〉 . (17)

Óñòàíîâëåííàÿ ñàìîñîïðÿæåííîñòü îïåðàòîðà A îòíîñèòåëüíî êîíâîëþòèâíîé áèëè-
íåéíîé ôîðìû ïîçâîëÿåò ñôîðìóëèðîâàòü âàðèàöèîííûé ïðèíöèï

I[ϑ] =
1

2

〈
ϑ,
d2ϑ

dt2

〉
=

1

2

t∫
0

ϑ(t− τ)
d2ϑ(τ)

dτ2
dτ, δI[ϑ] = 0.

Âàðèàöèÿ ïîñòðîåííîãî ôóíêöèîíàëà ìîæåò áûòü âû÷èñëåíà ñëåäóþùèì îáðàçîì

δI[ϑ] =
1

2

t∫
0

{
δϑ(t− τ)

dϑ(τ)

dτ
+ ϑ(t− τ)δ

d2ϑ(τ)

dτ2

}
dτ =

=
1

2

[
ϑ(t− τ)δ

dϑ(τ)

dτ
− dϑ(t− τ)

dτ
δϑ(τ)

] ∣∣∣∣∣
t

0

+

t∫
0

δϑ(t− τ)
d2ϑ(τ)

dτ2
dτ,

÷òî ïðèâîäèò ê óðàâíåíèÿì Ýéëåðà�Ëàãðàíæà è äâóì îäíîðîäíûì íà÷àëüíûì óñëî-
âèÿì

d2ϑ

dτ2
= 0, ϑ(0) = 0,

d

dt
ϑ
∣∣∣
t=0

= 0,

ïîëíîñòüþ îïðåäåëÿþùèìè ðàññìàòðèâàåìûé îïåðàòîð (16).
Çàìå÷àíèå 2. Èíòåãðèðóÿ ïî ÷àñòÿì, ìîæíî ïðåîáðàçîâàòü ôóíêöèîíàë I(ϑ) ê

âèäó

I[ϑ] =
1

2
ϑ(t− τ)

dϑ(τ)

dτ

∣∣∣∣∣
t

0

− 1

2

t∫
0

(
d

dτ
ϑ(t− τ)

)
d

dτ
ϑ(τ) dτ,

ïðè÷åì âíåèíòåãðàëüíûå ñëàãàåìûå â ñèëó îäíîðîäíûõ íà÷àëüíûõ óñëîâèé îáðàùà-
þòñÿ â íóëü. Òàêèì îáðàçîì, èìååì:

I[ϑ] =
1

2

t∫
0

(
d

dς
ϑ(ς)

) ∣∣∣∣∣
ς=t−τ

d

dτ
ϑ(τ) dτ, (18)
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èëè, ââîäÿ îáîçíà÷åíèå äëÿ 'ñêîðîñòè' η(τ) = d
dτ ϑ(τ)

I[ϑ] =
1

2

t∫
0

η(t− τ)η(τ) dτ,

â êîòîðîì íåñëîæíî óãàäàòü àíàëîã âûðàæåíèÿ äëÿ 'êèíåòè÷åñêîé ýíåðãèè'.
Äàëåå äëÿ êðàòêîñòè áóäåì èñïîëüçîâàòü ñëåäóþùåå îáîçíà÷åíèå äëÿ íåïîëíîé

ïðîèçâîäíîé ñëîæíîé ôóíêöèè:

ϑ̇(a(τ)) =
dϑ(ς)

dς

∣∣∣
ς=a(τ)

,

ãäå a(τ) � íåêîòîðàÿ 'âíóòðåíÿÿ' ôóíêöèÿ ïåðåìåííîé t. Î÷åâèäíî

ϑ̇(t− τ) = −dϑ(τ)

dτ
.

Â ýòèõ îáîçíà÷åíèÿõ ôóíêöèîíàë (18) ìîæåò áûòü çàïèñàí â âèäå

I[ϑ] =
1

2

t∫
0

ϑ̇(t− τ)ϑ̇(τ) dτ.

Ïðèìåð 4. Ðàññìîòðèì òåïåðü îïåðàòîð ñ íåîäíîðîäíûìè êðàåâûìè óñëîâèÿìè:

A =
d2

dt2
, DA = {ϑ : ϑ(0) = ϑ0 ∧

d

dt
ϑ(0) = η0}. (19)

Ñîîòâåòñòâóþùèé ôóíêöèîíàë èìååò âèä

I[ϑ] =
1

2

t∫
0

ϑ(t− τ)
d2ϑ(τ)

dτ2
dτ − 1

2
ϑ0
dϑ(t)

dt
− 1

2
η0ϑ(t). (20)

Çäåñü, â îòëè÷èå îò (15), ïðèñóòñòâóþò äâà äîïîëíèòåëüíûõ ñëàãàåìûõ, êîòîðûå
îïðåäåëÿþòñÿ íåîäíîðîäíûìè íà÷àëüíûìè óñëîâèÿìè. Äëÿ îáîñíîâàíèÿ âàðèàöè-
îííîãî ïðèíöèïà âû÷èñëèì âàðèàöèþ ôóíêöèîíàëà I

δI[ϑ] =
1

2

[
ϑ(t− τ)δ

dϑ(τ)

dτ
− dϑ(t− τ)

dτ
δϑ(τ)

] ∣∣∣∣∣
t

0

−

− 1

2
ϑ0δ

dϑ(t)

dt
− 1

2
η0δϑ(t) +

t∫
0

δϑ(t− τ)
d2ϑ(τ)

dτ2
dτ =

=
1

2

[
ϑ0 − ϑ(0)

]
δ
dϑ(t)

dt
+

1

2

[
η0 −

dϑ(t)

dt

∣∣∣
t=0

]
δϑ(t) +

t∫
0

δϑ(t− τ)
d2ϑ(τ)

dτ2
dτ.

Îòñþäà ïîëó÷èì óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà è íåîäíîðîäíûå íà÷àëüíûå óñëîâèÿ

d2ϑ

dτ2
= 0, ϑ(0) = ϑ0,

d

dt
ϑ
∣∣∣
t=0

= η0.
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Çàìå÷àíèå 3. Â 'ñèììåòðèçîâàííîì' âàðèàíòå ôóíêöèîíàë (20) ïðåîáðàçóåòñÿ ïóòåì
èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

I[ϑ] =
1

2

t∫
0

ϑ̇(t− τ)ϑ̇(τ) dτ − η0ϑ(t).

Íåò íè÷åãî óäèâèòåëüíîãî â òîì, ÷òî èç ôîðìóëèðîâêè 'èñ÷åçëî' íà÷àëüíîå çíà÷åíèå
ôóíêöèè ϑ. Äîñòàòî÷íî ëèøü òîãî, ÷òî îíî ôèêñèðîâàíî. Âåäü ôóíêöèîíàë òåïåðü
çàâèñèò òîëüêî îò ïðîèçâîäíîé ϑ̇ èíâàðèàíòåí îòíîñèòåëüíî ñäâèãà ϑ(t) 7→ ϑ(t)+ϑ0.

Ïðèìåð 5. Î÷åâèäíî îáîáùåíèå íà îïåðàòîðû âûñøèõ ïîðÿäêîâ

A =
dn

dtn
, DA = {ϑ : ϑ(0) = ϑ0 ∧

d

dt
ϑ(0) = ϑ1 ∧ . . . ∧

dn−1

dtn−1
ϑ(0) = ϑn−1}.

Ñîîòâåòñòâóþùèé ôóíêöèîíàë èìååò âèä

I[ϑ] =
1

2

t∫
0

ϑ(t− τ)
dnϑ(τ)

dτn
dτ − 1

2

n−1∑
k=0

ϑk
dkϑ(t)

dtk
. (21)

Ïðèìåð 6. Íàêîíåö, ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð Ôðåäãîëüìà ñ ðàçíîñò-
íûì ÿäðîì K(t, τ) = K(t− τ) ñëåäóþùåãî âèäà

A[ϑ] =

t∫
0

K(t− τ)ϑ(τ) dτ = 〈K,ϑ〉 , DA = H. (22)

Ñàìîñîïðÿæåííîñòü îïåðàòîðà (22) îòíîñèòåëüíî êîíâîëþòèâíîé áèëèíåéíîé ôîð-
ìû ìîæåò áûòü äîêàçàíà íåïîñðåäñòâåííûì âû÷èñëåíèåì

〈Aϑ, ω〉 =

t∫
0

t−τ∫
0

K(t− τ − ς)ϑ(ς) dς ω(τ) dτ =

=

t∫
0

ϑ(τ)

t−τ∫
0

K(t− ς − τ)ω(ς) dς dτ = 〈ϑ,Aω〉 ,

Ñ äðóãîé ñòîðîíû ñàìîñîïðÿæåííîñòü îïåðàòîðà A ÿâëÿåòñÿ ñëåäñòâèåì àññîöèà-
òèâíîñòè ñâåðòêè:

〈A[ϑ], ω〉 = 〈〈K,ϑ〉 , ω〉 = 〈ϑ, 〈K,ω〉〉 .
Òåïåðü íå ñîñòîâëÿåò òðóäà ïîñòðîèòü ôóíêöèîíàë, îïðåäåëÿþùèé âàðèàöèîííûé
ïðèíöèï. Ñîãëàñíî îáùåé òåîðèè îí èìååò âèä

I[ϑ] =
1

2

t∫
0

ϑ(t− τ)

τ∫
0

K(τ − ς)ϑ(ς) dς dτ. (23)

Âû÷èñëåíèå âàðèàöèè

δI(ϑ) =
1

2

t∫
0

δϑ(t− τ)

τ∫
0

K(τ − ς)ϑ(ς) dς dτ +
1

2

t∫
0

ϑ(t− τ)

τ∫
0

K(τ − ς)δϑ(ς) dς dτ =

=

t∫
0

δϑ(t− τ)

τ∫
0

K(τ − ς)ϑ(ς) dς dτ
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ïðèâîäèò ê óðàâíåíèÿì Ýéëåðà�Ëàãðàíæà

τ∫
0

K(τ − ς)ϑ(ς) dς = 0,

êîòîðîå ïîëíîñòüþ îïðåäåëÿþò îïåðàòîð A (22).
2. Âàðèàöèîííûé ïðèíöèï â òåîðèè óïðóãîñòè

Ïðèñòóïèì ê ôîðìóëèðîâêå âàðèàöèîííûõ ïðèíöèïîâ äëÿ íà÷àëüíî�êðàåâûõ
çàäà÷ ìåõàíèêè ñïëîøíûõ ñðåä. Ïóñòü B � îáëàñòü åâêëèäîâà ïðîñòðàíñòâà, çàíè-
ìàåìîãî óïðóãèì òåëîì â îòñ÷åòíîé êîíôèãóðàöèè. Áóäåì ïîëàãàòü, ÷òî ÷òî îáëàñòü
B îãðàíè÷åíà è èìååò ðåãóëÿðíóþ ãðàíèöó ∂B.

Ðàññìîòðèì ñëåäóþùóþ áèëèíåéíóþ ôîðìó

〈u(x, t),v(x, t)〉 =

∫
B

t∫
0

u(x, t− τ)·v(x, τ) dτ dV. (24)

Ýòà ôîðìà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì x åâêëèäîâà, à ïî âðåìåíè t� êîíâî-
ëþòèâíà. Òàêèì îáðàçîì, ñèììåòðè÷íîñòü è îòäåëèìîñòü âûòåêàþò èç ñîîòâåòñòâó-
þùèõ ñâîéñòâ åâêëèäîâà ñêàëÿðíîãî ïðîèçâåäåíèÿ è ñâîéñòâ (7), (10) ñâåðòêè.

Ëèíåéíûå óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé óïðóãîé àíèçîòðîïíîé ñðåäû ìîãóò
áûòü çàïèñàíû â âèäå [4]:

∇·C :∇⊗ u+ ρK − ρü = 0. (25)

Çäåñü u � ïåðåìåùåíèÿ, K � ìàññîâûå ñèëû, ∇ � ïðîñòðàíñòâåííûé îïåðàòîð
Ãàìèëüòîíà, C = C(x) � òåíçîð óïðóãèõ ìîäóëåé, êîòîðûå óäîâëåòâîðÿþò ñîîòíî-
øåíèþ ñèììåòðèè (óñëîâèþ ñóùåòâîâàíèÿ óïðóãîãî ïîòåíöèàëà)

C = C(3412). (26)

Çàìå÷àíèå 4. Êëàññè÷åñêîå îïðåäåëåíèå òåíçîðà óïðóãèõ ìîäóëåé íåñêîëüêî èíîå:
ââîäèòñÿ òåíçîð E, êîòîðûé ñâÿçàí ñ C ñîîòíîøåíèåì

C = E :1s.

Çäåñü 1s � ñèììåòðèðóþùàÿ òåíçîðíàÿ åäèíèöà, ïðåîáðàçóþùàÿ ëþáîé òåíçîð âòî-
ðîãî ðàíãà A â åãî ñèììåòðè÷íóþ ÷àñòü, ò.å.

1s :A =
1

2
(A+A∗) .

Èñïîëüçîâàíèå òåíçîðà C âìåñòî E â êîíòåêñòå íàñòîÿùåé ðàáîòû ïîçâîëÿåò óìåíü-
øèòü ãðîìîçäêîñòü âûêëàäîê.

Äëÿ ïîñòàíîâêè íà÷àëüíî�êðàåâîé çàäà÷è êðîìå äèôôåðåíöèàëüíûõ óðàâíåíèé
òðåáóåòñÿ óêàçàòü íà÷àëüíûå äàííûå, îïðåäåëÿþùèå íà÷àëüíûå ïåðåìåùåíèÿ u0 è
íà÷àëüíûå ñêîðîñòè v0:

u
∣∣∣
t=0

= u0,
d

dt
u
∣∣∣
t=0

= v0, (27)

à òàêæå êðàåâûå óñëîâèÿ, êîòîðûå ìîãóò áûòü ñôîðìóëèðîâàíû ñëåäóþùèì îáðàçîì

u
∣∣∣
∂B1

= û, n·C :∇⊗ u
∣∣∣
∂B2

= f̂ , ∂B1 ∪ ∂B2 = ∂B. (28)
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Çäåñü ∂B1 � ÷àñòü ãðàíèöû, íà êîòîðîé çàäàíû ïåðåìåùåíèÿ û, ∂B2 � ÷àñòü ãðà-
íèöû, íà êîòîðîé çàäàíî ïîëå ïîâåðõíîñòíûõ ñèë ïëîòíîñòüþ f̂ .

Äèôôåðåíöèàëüíûå óðàâíåíèÿ (25), íà÷àëüíûå (27) è êðàåâûå óñëîâèÿ (28) îïðå-
äåëÿþò íà÷àëüíî�êðàåâóþ çàäà÷ó, êîòîðàÿ ïîðîæäàåò äèôôåðåíöèàëüíûé îïåðàòîð

A[u] = ∇·C :∇⊗ u+ ρK − ρü,

îïðåäåëåííûé â îáëàñòè DA:

DA =

{
u : u

∣∣∣
t=0

= u0 ∧
d

dt
u
∣∣∣
t=0

= v0 ∧ u
∣∣∣
∂B1

= û ∧ n·C :∇⊗ u
∣∣∣
∂B2

= f̂

}
.

Îïåðàòîð A, â ñèëó íåîäíîðîäíîñòè, íåëèíåéíûé. Åãî ïðîèçâîäíàÿ A′ = A èìååò
âèä

A[u] = ∇·C :∇⊗ u− ρü,

DA =

{
u : u

∣∣∣
t=0

=
d

dt
u
∣∣∣
t=0

= 0 ∧ u
∣∣∣
∂B1

= 0 ∧ n·C :∇⊗ u
∣∣∣
∂B2

= 0

}
Â ñèëó ñèììåòðèè òåíçîðà óïðóãèõ ìîäóëåé (26) îïåðàòîð A ñàìîñîïðÿæåí â êîí-
âîëþòèâíîé áèëèíåéíîé ôîðìå (24), â ÷åì ëåãêî óáåäèòüñÿ, åñëè âîñïîëüçîâàòü-
ñÿ òåîðåìîé î äèâåðãåíöèè, èíòåãðèðîâàíèåì ïî ÷àñòÿì îòíîñèòåëüíî ïåðåìåííîé
t (àíàëîãè÷íî ïðåîáðàçîâàíèþ (17)) è ó÷åñòü îäíîðîäíîñòü íà÷àëüíûõ è êðàåâûõ
óñëîâèé:

〈A[u],v〉 =

∫
B

t∫
0

{∇·C :∇⊗ u(t− τ)− ρü(t− τ)}·v(τ) dτ dV =

=

∫
∂B

t∫
0

n·{C :∇⊗ u(t− τ)·v(τ)−∇⊗ v(τ) :C·u(t− τ)} dτ dA−

−
∫
B

ρ

[
du(t− τ)

dτ
v(τ)− u(t− τ)

dv(τ)

dτ

] ∣∣∣∣∣
t

0

dV+

+

∫
B

t∫
0

u(t− τ)·{∇·[∇⊗ v(τ) :C]− ρv̈(τ)} dτ dV = 〈u, A[v]〉 . (29)

Òåïåðü ìîæåò áûòü ñôîðìóëèðîâàòü âàðèàöèîííûé ïðèíöèï, ïîðîæäàåìûé îïå-
ðàòîðîì A è îäíîðîäíûìè íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè

I[u] =
1

2
〈u, A[u]〉+ 〈u, ρK〉 =

=

∫
B

{ t∫
0

u(t− τ)
[1

2
∇·C :∇⊗ u(τ) + ρK(τ)− 1

2
ρü(τ)

]
dτ

}
dV, δI[u] = 0.

Äëÿ íåîäíîðîäíûõ íà÷àëüíûõ è êðàåâûõ óñëîâèé ôóíêöèîíàë I[u] ôîðìóëèðóåòñÿ
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ñëåäóþùèì îáðàçîì:

I[u] =

∫
B

{ t∫
0

u(t− τ)
[1

2
∇·C :∇⊗ u(τ) + ρK(τ)− 1

2
ρü(τ)

]
dτ

}
dV−

− 1

2

∫
∂B1

t∫
0

n·C :∇⊗ u(t− τ)·û(τ)dτ dA+
1

2

∫
∂B2

t∫
0

f̂(t− τ)·u(τ)dτ dA+

+
ρ

2

∫
B

{u0 ·u̇(t) + v0 ·u(t)} dV. (30)

Â ðåçóëüòàòå ïðèìåíåíèÿ òåîðåìû î äèâåðãåíöèè è èíòåãðèðîâàíèþ ïî ÷àñòÿì ïî
ïåðåìåííîé t (àíàëîãè÷íî ïðåîáðàçîâàíèþ (18)), ôóíêöèîíàë I[u] ìîæåò áûòü ïðè-
âåäåí ê âèäó

I[u] = −
∫
B

{ t∫
0

1

2
∇⊗ u(t− τ) :C :∇⊗ u(τ)− ρu(t− τ)·K(τ)+

+
1

2
ρu̇(t− τ)u̇(τ)

]
dτ

}
dV +

∫
∂B2

t∫
0

f̂(t− τ)·u(τ)dτ dA+ ρ

∫
B

v0 ·u(t) dV. (31)

Ñëåäóåò îòìåòèòü, ÷òî â ôóíêöèîíàëå (31), â îòëè÷èå îò (30), îòñóòñòâóþò ñëàãàå-
ìûå, êîòîðûå ñîäåðæàò ïåðåìåùåíèÿ û, çàäàííûå íà ãðàíèöå, è íà÷àëüíûå ñìåùåíèÿ
u0. Ïðè÷èíà ýòîãî óæå îáñóæäàëàñü â ðàçäåëå 2. Ôóíêöèîíàë (31) cóùåñòâåííî îòëè-
÷àåòñÿ îò ôóíêöèîíàëà, îïðåäåëÿåìîãî â âàðèàöèîííîì ïðèíöèïå Îñòðîãðàäñêîãî�
Ãàìèëüòîíà [3], ïî ñòðóêòóðå áëèçîê ê ôóíêöèîíàëó, îïðåäåëÿåìîìó â âàðèàöèîííîì
ïðèíöèïå Ãåðòèíà [9], íî íå ñîâïàäàåò ñ íèì. Åñëè ïðåäïîëîæèòü, ÷òî âñå ïîëÿ íå çà-
âèñÿò îò âðåìåíè (ò.å. ðàññìàòðèâàåòñÿ ñòàòè÷åñêîå ñîñòîÿíèå), òî èç âàðèàöèîííîãî
ïðèíöèïà, ïîñòóëèðóþùåãî ñòàöèîíàðíîñòü ôóíêöèîíàëà (31), âûòåêàåò èçâåñòíûé
ïðèíöèï âèðòóàëüíîé ðàáîòû â ïðèáëèæåíèè ìàëûõ äåôîðìàöèé [13].

Ïåðåéäåì òåïåðü ê íåëèíåéíûì óðàâíåíèÿì äâèæåíèÿ ñïëîøíîé óïðóãîé ñðåäû,
êîòîðûå â îòñ÷åòíîé êîíôèãóðàöèè ìîãóò áûòü çàïèñàíû ñëåäóþùèì îáðàçîì [13]

∇R ·
∂ψ(∇R ⊗ χ)

∂∇R ⊗ χ
+ ρ0K − ρ0χ̈ = 0.

Çäåñü ∇R � îòñ÷åòíûé îïåðàòîð Ãàìèëüòîíà, χ = χ(X, t) � ìåñòî ÷àñòèöû X â
ìîìåíò t, ψ � ôóíêöèÿ çàïàñåííîé ýíåðãèè (óïðóãèé ïîòåíöèàë), K � ìàññîâûå
ñèëû.

Îïåðàòîð A çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì

A[χ] = ∇R ·
∂ψ(∇R ⊗ χ)

∂∇R ⊗ χ
+ ρ0K − ρ0χ̈

íà÷àëüíûìè äàííûìè

χ
∣∣∣
t=0

= χ0,
d

dt
χ
∣∣∣
t=0

= v0

è êðàåâûìè óñëîâèÿìè

χ
∣∣∣
∂B1

= χ̂, n· ∂ψ(∇R ⊗ χ)

∂∇R ⊗ χ

∣∣∣
∂B2

= f̂ ,
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ãäå n � âåêòîð âíåøíåé åäèíè÷íîé íîðìàëè ê ãðàíèöå òåëà â îòñ÷åòíîé êîíôè-
ãóðàöèè, f̂ � ïëîòíîñòü ïðèëîæåííîé ïîâåðõíîñòíîé ñèëû íà åäèíèöó ïëîùàäè â
îòñ÷åòíîé êîíôèãóðàöèè.

Oáëàñòü îïðåäåëíèÿ îïåðàòîðà A ìîæåò áûòü çàäàíà ñëåäóþùèì îáðàçîì:

DA =

{
χ : χ

∣∣∣
t=0

= χ0 ∧
d

dt
χ
∣∣∣
t=0

= v0 ∧ χ
∣∣∣
∂B1

= χ̂ ∧ n· ∂ψ(∇R ⊗ χ)

∂∇R ⊗ χ

∣∣∣
∂B2

= f̂

}
.

Ïðîèçâîäíàÿ A′ = A èìååò âèä

Aχ[χ?] = ∇R ·
(

∂2ψ(∇R ⊗ χ)

(∂∇R ⊗ χ)(∂∇R ⊗ χ)

)
:∇R ⊗ χ? − ρ0χ̈

?,

DA =
{
χ? : χ?(0) =

d

dt
χ?(0) = 0 ∧ χ?∂B1

= 0∧

∧ n·
(

∂2ψ(∇R ⊗ χ)

(∂∇R ⊗ χ)(∂∇R ⊗ χ)

)
:∇R ⊗ χ? = 0

}
,

è ÿâëÿåòñÿ ñàìîñîïðÿæåííûì îïåðàòîðîì îòíîñèòåëüíî êîíâîëþòèâíîé áèëèíåéíîé
ôîðìû. Äåéñòâèòåëüíî, ââîäÿ îáîçíà÷åíèå äëÿ òåíçîðà óïðóãîñòè

M =
∂2ψ

(∂∇R ⊗ χ)(∂∇R ⊗ χ)

ôàêòè÷åñêè ïîâòîðÿåì âû÷èñëåíèÿ (29). Ïðè óñëîâèè M = M(3412) êîòîðîå îáåñïå-
÷èâàåòñÿ äâóêðàòíîé äèôôåðåíöèðóåìîñòüþ ôóíêöèè çàïàñåííîé ýíåðãèè, èìååì

〈Aχ[u],v〉 =

∫
B

t∫
0

{∇R (·M :∇R ⊗ u(X, t− τ))− ρ0ü(X, t− τ)}·v(X, τ) dτ dV =

=

∫
∂B

t∫
0

n·[(M :∇R ⊗ u(X, t− τ))·v(X, τ)−∇R ⊗ v(X, τ) :M·u(X, t− τ)] dτ dA+

+

∫
B

t∫
0

u(X, t− τ)·{∇R ·(∇R ⊗ v(τ) :M)− ρ0v̈(τ)} dτ dV = 〈u, Aχ[v]〉 .

Òàêèì îáðàçîì, ôóíêöèîíàë, îïðåäåëÿþùèé âàðèàöèîííûé ïðèíöèï, èìååò âèä

I(χ) =

〈
χ,

1∫
0

A[λχ] dλ

〉
=

=

∫
B

t∫
0

χ(t− τ)·


1∫

0

[ 1

λ
∇R ·

∂ψ(λ∇R ⊗ χ(τ))

∂∇R ⊗ χ(τ)

]
dλ+ ρ0K(τ)− 1

2
ρ0χ̈(τ)

 dτ dV−

−
∫
∂B1

t∫
0

n·
1∫

0

1

λ

∂ψ(λ∇R ⊗ χ(t− τ))

∂∇R ⊗ χ(t− τ)
dλ·χ̂(τ)dτ dA+

+
1

2

∫
∂B2

t∫
0

f̂(t− τ)·χ(τ)dτ dA+
ρ0

2

∫
B

{χ0 ·χ̇(t) + v0 ·χ(t)} dV.
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Îñóùåñòâëÿÿ ïðåîáðàçîâàíèÿ, îñíîâàííûå íà äèâåðãåíòíîé òåîðåìå è èíòåãðè-
ðîâàíèè ïî ÷àñòÿì ïî ïåðåìåííîé t, ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ äëÿ ôóíê-
öèîíàëà I(χ):

I(χ) =

∫
B

{ t∫
0

∇R ⊗ χ(t− τ) :

1∫
0

1

λ

∂ψ(λ∇R ⊗ χ(τ))

∂∇R ⊗ χ(τ)
dλ+ ρ0χ(t− τ)·K(τ)−

− 1

2
ρ0χ̇(t− τ)χ̇(τ) dτ

}
dV +

∫
∂B2

t∫
0

f̂(t− τ)·χ(τ)dτ dA+ ρ0

∫
B

v0 ·χ(t) dV. (32)

Îòìåòèì, ÷òî â ñëó÷àå ñòàòè÷åñêîãî äåôîðìèðîâàíèÿ èç âàðèàöèîííîãî ïðèíöèïà,
ïîñòóëèðóþùåãî ñòàöèîíàðíîñòü ôóíêöèîíàëà (32), âûòåêàåò èçâåñòíûé ïðèíöèï
âèðòóàëüíîé ðàáîòû â îòñ÷åòíîé êîíôèãóðàöèè [13].

3. Âàðèàöèîííûé ïðèíöèï â òåîðèè ñâÿçíîé òåðìîóïðóãîñòè

Ïðåäâàðèòåëüíî ââåäåì ñëåäóþùóþ áèëèíåéíóþ ôîðìó:

〈u(x, t),v(x, t)〉1 =

∫
B

t∫
0

u(x, t− τ)· ∂
∂τ
v(x, τ) dτ dV. (33)

Â ñèììåòðè÷íîñòè ôîðìû (33) ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì.
Äåéñòâèòåëüíî, èíòåãðèðóÿ ïî ÷àñòÿì, ïðèõîäèì ê ñîîòíîøåíèþ

∫
B

t∫
0

u(x, t− τ)· ∂
∂τ
v(x, τ) dτ dV =

∫
B

u(x, t− τ)·v(x, τ) dV

∣∣∣∣∣
τ=t

τ=0

−

−
∫
B

t∫
0

∂

∂τ
(u(x, t− τ))·v(x, τ) dτ dV.

Ïîñêîëüêó ñèììåòðè÷íîñòü äîëæíà âûïîëíÿòüñÿ íà ôóíêöèÿõ, êîòîðûå êîòîðûå
îáðàùàþòñÿ â íóëü â êîíöåâûõ òî÷êàõ èíòåðâàëà âðåìåíè, âíåèíòåãðàëüíûå ñëàãà-
åìûå èñ÷åçàþò, ò.å.

〈u(x, t),v(x, t)〉1 = 〈v(x, t),u(x, t)〉1 .
Ðàññìîòðèì ëèíåéíûå óðàâíåíèÿ äâèæåíèÿ è òåïëîïðîâîäíîñòè òåðìîóïðóãîé

ñðåäû [4]:

∇·C :∇⊗ u+ ρK − ρü−B·∇θ = 0,

1

T0
Λ :∇⊗∇θ − c

T0
θ̇ −B :∇⊗ u̇+

1

T0
$ = 0

Çäåñü u � ïåðåìåùåíèÿ, θ � èçáûòî÷íàÿ òåìïåðàòóðà, C = C(3412) � òåíçîð óïðóãèõ
ìîäóëåé, B = B∗ � òåíçîð òåðìîìåõàíè÷åñêèõ ìîäóëåé (îïðåäåëÿþùèõ òåìïåðà-
òóðíîå ðàñøèðåíèå), Λ = Λ∗ � òåíçîð òåïëîïðîâîäíîñòè, c � òåïëîåìêîñòü ïðè
ïîñòîÿííîé äåôîðìàöèè, K � ïëîòíîñòü ìàññîâûõ ñèë, $ � ìîùíîñòü èñòî÷íèêîâ
òåïëà, T0 � îòñ÷åòíàÿ òåìïåðàòóðà.

Äëÿ ïîñòàíîâêè íà÷àëüíî�êðàåâîé çàäà÷è êðîìå äèôôåðåíöèàëüíûõ óðàâíåíèé
òðåáóåòñÿ óêàçàòü íà÷àëüíûå ðàñïðåäåëåíèÿ ïåðåìåùåíèé, ñêîðîñòåé è òåìïåðàòó-
ðû:

u
∣∣∣
t=0

= u0,
d

dt
u
∣∣∣
t=0

= v0, θ
∣∣∣
t=0

= θ0
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è êðàåâûå óñëîâèÿ, êîòîðûå â íàèáîëåå îáùåì âèäå ìîãóò áûòü ñôîðìóëèðîâàíû
ñëåäóþùèì îáðàçîì:

u
∣∣∣
∂B1

= û, n·(C :∇⊗ u−Bθ)
∣∣∣
∂B2

= f̂ ,

θ
∣∣∣
∂B3

= θ̂, n·(Λ·∇θ)
∣∣∣
∂B4

= q̂,

∂B1 ∪ ∂B2 = ∂B, ∂B3 ∪ ∂B4 = ∂B.

Çäåñü ∂B1 � ÷àñòü ãðàíèöû ∂B, íà êîòîðîé çàäàíû ïåðåìåùåíèÿ û, ∂B2 � ÷àñòü
ãðàíèöû, íà êîòîðîé çàäàíî âåêòîðíîå ïîëå ïîâåðõíîñòíûõ ñèë ïëîòíîñòüþ f̂ , ∂B3 �
÷àñòü ãðàíèöû, íà êîòîðîé çàäàíà èçáûòî÷íàÿ òåìïåðàòóðà θ̂, ∂B4 � ÷àñòü ãðàíèöû,
íà êîòîðîé çàäàí òåïëîâîé ïîòîê q̂.

Îïåðàòîð A ìîæåò áûòü ïðåäñòàâëåí â ñëåäóþùåé ìàòðè÷íîé ôîðìå

A[(u, θ)] =

(
∇·C :∇⊗−ρ ∂

2

∂t2 −B·∇
−B : ∂∂t∇⊗

1
T0
∇⊗∇− c

T0

∂
∂t

)(
u
θ

)
+

(
ρK
$

)
.

Oáëàñòü îïðåäåëíèÿ îïåðàòîðà A îïðåäåëÿåòñÿ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè

DA =

{
u : u

∣∣∣
t=0

= u0 ∧
d

dt
u
∣∣∣
t=0

= v0 ∧ θ
∣∣∣
t=0

= θ0 ∧ u
∣∣∣
∂B1

= û∧

∧ n·C :∇⊗ u
∣∣∣
∂B2

= f̂ ∧ θ
∣∣∣
∂B3

= θ̂ ∧ n·(Λ·∇θ)
∣∣∣
∂B4

= q̂

}
.

Ïðîèçâîäíàÿ A′ = A çàäàåòñÿ îäíîðîäíûì äèôôåðåíöèàëüíûì âûðàæåíèåì

A[(u, θ)] =

(
∇·C :∇⊗−ρ ∂

2

∂t2 −B·∇
−B : ∂∂t∇⊗

1
T0
∇⊗∇− c

T0

∂
∂t

)(
u
θ

)
(34)

è îäíîðîäíûìè íà÷àëüíî�êðàåâûìè óñëîâèÿìè, ò.å.

DA =

{
u : u

∣∣∣
t=0

=
d

dt
u
∣∣∣
t=0

= 0 ∧ θ
∣∣∣
t=0

= 0∧

∧ u
∣∣∣
∂B1

= n·C :∇⊗ u
∣∣∣
∂B2

= 0 ∧ θ
∣∣∣
∂B3

= n·(Λ·∇θ)
∣∣∣
∂B4

= 0

}
.

Ðàññìîòðèì ñëåäóþùóþ áèëèíåéíóþ ôîðìó2:

〈(u1, θ1), (u2, θ2)〉2 = 〈u1,u2〉1 − 〈θ1, θ2〉 = 〈u1, u̇2〉 − 〈θ1, θ2〉 =

=

∫
B

t∫
0

{u1(t− τ)·u̇2(τ)− θ1(t− τ)θ2(τ)} dτ dV. (35)

2Â âàðèàöèîííîì ïðèíöèïå Áåëëè èñïîëüçîâàíà êëàññè÷åñêàÿ êîíâîëþòèâíàÿ ôîðìà, à ñîîò-
âåòñòâóþùèå óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà � èíòåãðîäèôôåðåíöèàëüíûå. Â ýòîì ñîñòîèò ãëàâíîå
îòëè÷èå ïðåäëàãàåìîãî âàðèàöèîííîãî ïðèíöèïà îò ïðèíöèïà Áåëëè [10].
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Äîêàæåì, ÷òî îïåðàòîð (34) ñàìîñîïðÿæåí îòíîñèòåëüíî áèëèíåéíîé ôîðìû (35):

〈A[(u1, θ1)], (u2, θ2)〉 =

=

〈(
∇·C :∇⊗−ρ ∂

2

∂t2 −B·∇
−B : ∂∂t∇⊗

1
T0

Λ :∇⊗∇− c
T0

∂
∂t

)(
u1

θ1

)
,

(
u2

θ2

)〉
=

= 〈∇·C :∇⊗ u1 − ρü1, u̇2〉+ 〈−B·∇θ1, u̇2〉−

− 〈−B :∇⊗ u̇1, θ2〉 −
〈

1

T0
∇⊗∇θ1 −

c

T0
θ̇1, θ2

〉
.

Ïåðâîå ñëàãàåìîå (ïîäîáíîå ïðåîáðàçîâàíèå óæå áûëî ðàññìîòðåíî â óïðóãîì ñëó-
÷àå) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì:

〈∇·C :∇⊗ u1 − ρü1, u̇2〉 =

=

∫
B

t∫
0

{∇·C :∇⊗ u1(t− τ)− ρü1(t− τ)}·u̇2(τ) dτ dV =

=

∫
B

t∫
0

u̇1(t− τ)·{∇·[∇⊗ u2(τ) :C]− ρü2(τ)}· dτ dV =

= 〈u̇1,∇·[∇⊗ u2 :C]− ρü2〉 .

Âòîðîå ñëàãàåìîå ïðåîáðàçóåòñÿ àíàëîãè÷íî ñäåëàííîìó âûøå:

〈−B·∇θ1, u̇2〉 =

= −
∫
B

t∫
0

B·∇θ1(t− τ)·u̇2(τ) dτ dV =

∫
B

t∫
0

θ1(t− τ)B∗ :∇⊗ u̇2(τ) dτ dV =

= 〈θ1,B
∗ :∇u̇2〉 .

Íàêîíåö, äëÿ òðåòüåãî è ÷åòâåðòîãî ñëàãàåìûõ ñïðàâåäëèâû ñîîòíîøåíèÿ

〈−B :∇⊗ u̇1, θ2〉 =

= −
∫
B

t∫
0

B :∇⊗ u̇1(t− τ) θ2(τ) dτ dV =

∫
B

t∫
0

u̇1(t− τ)·B∗ ·∇θ2(τ) dτ dV =

= 〈u̇1,B·∇θ2〉 ,〈
1

T0
Λ :∇⊗∇θ1 −

c

T0
θ̇1, θ2

〉
=

=

∫
B

t∫
0

{
1

T0
Λ :∇⊗∇θ1(t− τ)− c

T0
θ̇1(t− τ)

}
θ2(τ) dτ dV =

=

∫
B

t∫
0

θ1(t− τ)

{
1

T0
Λ∗ :∇⊗∇θ2(τ)− c

T0
θ̇1(τ)

}
dτ dV =

=

〈
θ1,

1

T0
Λ∗ :∇⊗∇θ2 −

c

T0
θ̇2

〉
.
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Òàêèì îáðàçîì,

〈A[(u1, θ1)], (u2, θ2)〉 =

=

〈(
u1

θ1

)
,

(
∇·C(3412) :∇⊗−ρ ∂

2

∂t2 −B∗ ·∇
−B∗ : ∂∂t∇⊗

1
T0

Λ∗ :∇⊗∇− c
T0

∂
∂t

)(
u2

θ2

)〉
è ïðè óñëîâèÿõ

C = C(3412), B = B∗, Λ = Λ∗

îïåðàòîð A ñàìîñîïðÿæåí îòíîñèòåëüíî áèëèíåéíîé ôîðìû (35):

〈A[(u1, θ1)], (u2, θ2)〉2 = 〈(u1, θ1), A[(u2, θ2)]〉2 .

Ýòî ïîçâîëÿåò ñôîðìóëèðîâàòü âàðèàöèîííûé ïðèíöèï ñëåäóþùèì îáðàçîì:

I[(u, θ)] =
1

2

∫
B

t∫
0

{
u̇(t− τ)·

[
∇·C :∇⊗ u(τ) + 2ρK − ρü(τ)−B·∇θ(τ)

]
−

− θ(t− τ)
[ 1

T0
Λ :∇⊗∇θ(τ)− c

T0
θ̇(τ)−B :∇⊗ u̇(τ) +

2

T0
$
]}

dτ dV−

− 1

2

∫
∂B1

t∫
0

n·(C :∇⊗ u(t− τ)−Bθ(t− τ))·û(τ)dτ dA+

+
1

2

∫
∂B2

t∫
0

f̂(t− τ)·u(τ)dτ dA+
1

2

∫
∂B3

t∫
0

n·
(

1

T0
Λ·∇θ(t− τ)

)
θ̂(τ)dτ dA−

− 1

2

∫
∂B4

t∫
0

q̂(t− τ)θ(τ)dτ dA+

∫
B

{
ρ

2
(u0 ·u̇(t) + v0 ·u(t))− c

2T0
θ0θ(t)

}
dV.

Íàëè÷èå àíòèñèììåòðè÷íûõ îòíîñèòåëüíî äèâåðãåíòíîãî ïðåîáðàçîâàíèÿ ÷ëåíîâ∫
B

t∫
0

u̇(t− τ)·B·∇θ(τ) dτ dV = −
∫
B

t∫
0

θ(t− τ)B :∇⊗ u̇(τ) dτ dV

ïîçâîëÿåò óïðîñòèòü âèä ôóíêöèîíàëà (ñëàãàåìûå, îïðåäåëÿåìûå íåîäíîðîäíûìè
êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè, íå âûïèñàíû)

I[(u, θ)] =
1

2

∫
B

t∫
0

{
u̇(t− τ)·

[
∇·C :∇⊗ u(τ) + 2ρK − ρü(τ)− 2B·∇θ(τ)

]
−

− θ(t− τ)
[ 1

T0
Λ :∇⊗∇θ(τ)− c

T0
θ̇(τ) +

2

T0
$
]}

dτ dV.

4. Âàðèàöèîííûé ïðèíöèï â òåîðèè âÿçêîóïðóãîñòè

Îáñóæäàåìàÿ ìåòîäîëîãèÿ ïîçâîëÿåò ïîñòðîèòü âàðèàöèîííûå ïðèíöèïû è äëÿ
ñóùåñòâåííî äèññèïàòèâíûõ ïðîöåññîâ, òàêèõ êàê äâèæåíèå âÿçêîóïðóãîé è íàñëåä-
ñòâåííî�óïðóãîé ñðåäû [14]. Íèæå ïðèâåäåì êðàòêóþ ñõåìó ïîñòðîåíèÿ ïîäîáíûõ
âàðèàöèîííûõ ïðèíöèïîâ.
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Ëèíåéíûå óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé âÿçêîóïðóãîé àíèçîòðîïíîé ñðåäû äèô-
ôåðåíöèàëüíîãî òèïà ìîãóò áûòü ñôîðìóëèðîâàíû ñëåäóþùèì îáðàçîì:

∇·
n∑
k=0

Ck :∇⊗ dku

dtk
+ ρK − ρü = 0.

Çäåñü Ck = C
(3412)
k � òåíçîðû âÿçêîóïðóãèõ ìîäóëåé ñðåäû.

Èç îáîáùåíèÿ ñîîòíîøåíèÿ (21) âûòåêàåò ñàìîñîïðÿæåííîñòü îäíîðîäíûõ îïå-
ðàòîðîâ, ïîðîæäàåìûõ ýòèìè óðàâíåíèÿìè. Ñîîòâåòñòâóþùèé âàðèàöèîííûé ïðèí-
öèï èìååò âèä (ñëàãàåìûå, îïðåäåëÿåìûå íåîäíîðîäíûìè êðàåâûìè è íà÷àëüíûìè
óñëîâèÿìè, íå âûïèñàíû):

I[u] =
1

2

∫
B

{ t∫
0

u(t− τ)
[ n∑
k=0

∇·Ck :∇⊗ dk

dτk
u(τ) + 2ρK − ρü(τ)

]
dτ

}
dV, δI[u] = 0.

Ëèíåéíûå óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé íàñëåäñòâåííîé àíèçîòðîïíîé ñðåäû,
ìîãóò áûòü çàïèñàíû â ñëåäóþùåé ôîðìå

∇·
t∫

0

C(t− τ) :∇⊗ u(τ) dτ + ρK − ρü = 0.

Çäåñü C = C(t − τ) � òåíçîðíîå ðàçíîñòíîå ÿäðî, îïðåäåëÿþùåå çàêîí ñîñòîÿíèÿ
íàñëåäñòâåííî�óïðóãèõ ñðåä. Èç îáîáùåíèÿ (23) ñëåäóåò ñàìîñîïðÿæåííîñòü îäíî-
ðîäíûõ îïåðàòîðîâ, ïîðîæäàåìûõ ýòèìè óðàâíåíèÿìè. Ñîîòâåòñòâóþùèé âàðèàöè-
îííûé ïðèíöèï èìååò âèä (ñëàãàåìûå, îïðåäåëÿåìûå íåîäíîðîäíûìè êðàåâûìè è
íà÷àëüíûìè óñëîâèÿìè, íå âûïèñàíû):

I[u]=
1

2

∫
B

{ t∫
0

u(t− τ)
[ τ∫

0

∇·C(τ − ς) :∇⊗ u(ς) dς + 2ρK − ρü(τ)
]
dτ

}
dV, δI[u] = 0.

Çàêëþ÷åíèå

Àâòîðàì ðàáîòû ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûì ïðèìåíåíèå èçëîæåííîãî îáùå-
ãî ïîäõîäà ê ïîñòðîåíèþ íîâûõ âàðèàöèîííûõ ïðèíöèïîâ è íîâûõ ìîäåëåé ñïëîø-
íûõ ñðåä, â ÷àñòíîñòè, ìîäåëåé íåïðåðûâíî ðàñòóùèõ òåë [15]. Ñëåäóåò òàêæå îòìå-
òèòü, ÷òî ôîðìóëèðîâêà çàäà÷è â ôîðìå âàðèàöèîííîãî ïðèíöèïà ïîçâîëÿåò èñïîëü-
çîâàòü ïðÿìûå âàðèàöèîííûå ìåòîäû äëÿ ïîñòðîåíèÿ çàìêíóòûõ ðåøåíèé êðàåâûõ
çàäà÷ [16], ïîëó÷àòü ñ ïîìîùüþ ôîðìàëüíûõ àëãîðèòìîâ íîâûå óðàâíåíèÿ è êðàå-
âûå óñëîâèÿ ñ óñëîæíåííîé êèíåìàòèêîé, âîçíèêàþùèå, íàïðèìåð, â òåîðèè ïëàñòè
è îáîëî÷åê [17], îñóùåñòâëÿòü êîíòðîëü ñõîäèìîñòè ðåøåíèé, ïîëó÷àåìûõ ìåòîäà-
ìè ñïåêòðàëüíûõ ðàçëîæåíèé [18] è ò.ä. è ïîòîìó ÿâëÿåòñÿ âåñüìà öåííîé ôîðìîé
ïðåäñòàâëåíèÿ çàäà÷è êàê äëÿ òåîðèè, òàê è äëÿ ïðèëîæåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (ïðîåêòû 08-01-91302-ÈÍÄ-à, 08-01-00553-à, 09-08-01194-à).
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